In this paper an analytical method to investigate vibrational analysis of double-walled carbon nanotubes under initial compression stress. Simplified Flügge shell equations of motion are proposed as the governing equations of vibration for the carbon nanotubes. The nanotube structures are treated within the multilayer thin shell approximation with the elastic properties taken to be those of the graphene sheet. Vibration frequency equations in double wall carbon nanotubes are described through the effects of initial compression stresses. We investigate the influence of initial compression stress on the vibrational characteristics of carbon nanotubes based on the proposed theoretical approach. In this study, we consider the double-walled nanotubes with an inner diameter of 2.2 nm and an outer diameter of 3.0 nm. The theoretical investigation may give a useful reference for potential application and design of nanoelectronics and nanodevices.
Introduction
The number of publications on carbon nanotubes (CNTs) has grown very quickly since CNTs were discovered by Iijima [1] more than a decade ago, as evidenced by several recent review articles on mechanical behavior [2] and [3] , fabrication [4] and [5] and applications [6] [7] [8] [9] [10] of such materials. Vibrations of CNTs are of considerable importance in a number of nanomechanical devices such as oscillators, charge detectors, clocks, field emission devices and sensors. In addition, CNT vibrations occur during certain manufacturing processes (e.g., ultrasonication in nanocomposite processing) and as part of some nondestructive evaluation processes (e.g., the Raman spectroscopy). Electron microscope observations of vibrating CNTs have also been used to indirectly and nondestructively determine the effective elastic moduli and other aspects of mechanical behavior of the CNTs. Microwave excitation has been found to cause intense heating of CNTs. So there is considerable motivation for studying vibration characteristics of CNTs. The CNTs acting as basic elements of nanostructures often occur in initial stresses due to thermal stress, mismatch between different materials or initially external axial load. Recently, some researches have taken the effect of initial stress on the wave propagation in CNTs [11] [12] [13] [14] [15] to understand the dynamic behavior of CNTs. For the effect of initial stress on the wave propagation of CNTs, prior studies presented the elastic wave solution obtained from * e-mail: msalim@ksu.edu.sa the Bernoulli-Euler beam and the Timoshenko beam models. The effect of initial stress was limited to one--dimensional model since CNTs are modeled as beams. The Euler beam model ignored the influence of rotary and shear deformations on transverse wave propagation in CNTs. Wang and Varadan [16] have presented the elastic wave solution obtained from the Euler-Bernoulli beam and Timoshenko beam models. They reported that the comparison between the two models could be inappropriate on the terahertz frequency range. This suggested that the Timoshenko beam model should be employed in analyzing the wave propagation for the high frequency range.
Recently, the vibration of multi-wall carbon nanotubes (MWCNTs) and wave propagation of double-wall carbon nanotubes (DWCNTs) have been studied based on the Flügge shell equation [17, 18] . These works show that the CNTs have the vibration and sound wave frequency over terahertz because of their nanoscale, which opens a new topic on wave characteristics.
The purpose of this article is to study effects of initial compression stress on vibrational analysis of double--walled carbon nanotubes. The analysis is based on the Flügge shell equation. As the wave numbers are the roots of an eighth order polynomial, Derive program version 6 was used to derive algebraic expressions for these roots and to simplify the algebraic expressions via a series of substitutions. The expressions presented here are valid for circumferential modes n = 0 and n = 1. The results are shown graphically for different values of initial compression stress parameter.
Governing equations
The cylindrical coordinates system used for describing the wave propagation in the tubes under initial compression stress is defined in Fig. 1 . Approximate Flügge shell equations are proposed as the governing equations of the problem [19] . In the derivation of Flügge's equations, the following assumptions for cylindrical shells are made:
(1) All points that lie on a normal to a middle surface before deformation do the same after deformation.
(2) Displacements are small compared to the shell thickness.
(3) The normal stresses in the thickness direction are negligible (planar state of stress).
In particular, the first assumption may not correspond to reality in the neighborhood of the shell boundaries. However, this fact will not be considered here. In the sequel, the x coordinate is taken in the axial direction of the shell, where the ϕ and z coordinates are in the circumferential and radial directions, respectively ( Fig. 1) . The displacements of the nanotube are defined by u 1 , u 2 , and u 3 in the direction of x, ϕ and z axes, respectively. The coordinates u 1 and u 2 represent in-plane axial and circumferential displacements of the tube wall midsurface, respectively, and u 3 represents the out-of--plane transverse displacement of the tube wall. The CNT has a thickness of h, radius of R and length of L.
Based on the assumption stated above and using the coordinate system defined in Fig. 1 , the Flügge type basic equations of motion are proposed as the governing equations of the wave propagation under initial compression stress (σ xx = −P ) in CNTs. The equations of motion for the nanotube can be written by [20] :
where L ij (i, j = 1, 2, 3) are the differential operators with respect to x and θ, given by
and
2 is the non-dimensional thickness parameter, and β =
, ρ is the mass density, E is the elastic modulus, ν is the Poisson ratio, P are the initial compression stresses, andP is the pressure between two adjacent nanotubes (mainly due to the van der Waals (vdW) interaction).
Equation (1) represents a set of three expressions as
where
Eliminating u 1 and u 2 from the above equation, we get
Particular case
When the effect of initial compression stresses is absent
which agrees with the result of Natsuki et al. [21] .
Vibrational frequency
To examine the effect of compression initial stresses on vibrational frequency of DWNTs, let us assume the displacement of simply supported DWNTs for the harmonic vibration as
where A j (j = 1, 2) represents the amplitude of vibration in the inner and outer nanotubes. ω is the circular frequency of wave. The modal m and n denote the number of axial and the circumferential waves, respectively, characterizing the vibrational mode of CNTs. The amplitude ratio of the inner to the outer tubes is defined as
From the geometric structures, a DWCNT can be regarded as nested SWCNTs. The pressure (P ) between two adjacent nanotubes is mainly due to the van der Waals interaction. Thus for small-deflection linear vibration, the interaction pressure at any point between two adjacent tubes was modeled by a linear function of the deflection jump at that point [22] . In terms of the above model of the vdW interaction, the interaction pressureP in Eq. (6) can be given bŷ
where ∆u = c(u 32 − u 31 ) is the deflection jump due to deformation P 1 = c(u 32 − u 31 ) ,
where c is the vdW interaction coefficient, approximately expressed as [23] :
From Eq. (11) in Eq. (6), the coupled equations of the wave speed in double-walled nanotubes can be written as
where D (7) and Ω = cβ. Substituting Eq. (9) into Eq. (13), the vibrational frequency in DWNTs can be determined by solving the two equations, which have only nontrivial solution at
The amplitude ratio of the inner nanotube to the outer nanotube is given by
Numerical results and discussion
The purpose of numerical computation is to examine the effect of compression of initial stresses on vibrational frequency of DWNTs. In order to perform numerical calculation, the CNT to be considered has the thickness of graphene sheet with 0.34 nm, elastic modulus of E = 1.095 TPa, and Poisson's ratio of ν = 0. What follows is to analyze linear vibration behavior of a DWCNT subjected to axially initial compressed stresses (σ xx = −P ). For the following solution we will discuss the two modes, symmetrical (n = 0) and asymmetrical (n = 1) to show the effects of initial stresses on vibrational frequency of DWNTs. The influences of wave numbers on the linear vibration pattern at different values of stress parameters (ζ x = 0.0, 0.01, 0.025) are examined and the results are shown as follows. Fig. 2 show that the change tendency of the vibrational frequency in double-walled CNTs with initial compression stresses ζ x = 0.01 is similar to those with initial compression stresses ζ x = 0.025, but a change is observed in these figures compared with Fig. 2 for initial stress-free (ζ x = 0.0 at n = 0). It is noted that from Figs. 3 and 4 it follows that as the value of initial stress parameter (ζ x ) increases, frequencies increase. 
Conclusion
This paper studies the effects of initial compression stress on vibrational frequency of DWNTs based on the Flügge shell equation. It is shown that the vibrational frequency is sensitive to the compression stress especially for the lower frequencies (m = 0.5). The investigation presented may be helpful in the application of CNTs, such as high-frequency oscillators and mechanical sensors.
